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• Quantum dots

• Unrestricted Hartree-Fock and symmetries

• Formation of Wigner molecules

• Transport properties of Wigner molecules
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A single SD is not a general eigenstate for
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Figure 2.3: Density plot of RHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 and the same parameters of Fig. 2.2. (a) Random
density with circular symmetry employed as first guess in the solution of PN
equations. (b) The resulting RHF density having energy E = 29.554"0.

In Fig. 2.3 we show the evolution of the restricted initial density (a) into
the RHF solution (b) preserving the circular symmetry. In this case we find
that the restricted energy ERHF = 29.554"0 is higher than the unrestricted
EUHF = 29.109"0 corresponding to Fig. 2.2.

Total spin symmetry (S2). Since we built the trial Slater determinant
(2.6) with spin orbitals having spin z-componet defined, every UHF many-
body wavefunction has Sz = N+ ! N!. However Sz only is not su!cient
do defined the complete spin state of a system; S2 is required. Our single
determinant representation is unsuitable for this task. In fact, it is well
known that a single Slater determinant is not enough to represent all the
possible eigenstates of S2. Exception made for the case where all the spin
orbitals have aligned spins i.e. when Sz = N/2, a UHF determinant |""
has undefined total spin. In a system of N particles of spin 1/2, S2 has
eigenvalues S(S + 1) where S decreases in unity steps from N/2 to |Sz|:
S = N/2, (N !1)/2, . . . , |Sz|. Therefore a single determinant can be thought
as a superposition of states having S: |Sz| # S # N/2. This issue is known
in literature as spin contamination [Szabo and Ostlund, 1996].

As it can be seen in Fig. 1.13 the case of N = 6 is a closed-shell con-
figuration and therefore is in a pure spin state with S = 0. However, an
UHF calculation with Sz = 0 may be spin-contaminated since it might have
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2.5. SYMMETRY BREAKING 47

done choosing di!erent initial density matrices P!
µ" as starting point for the

self-consistent solution of the PN equations (2.18). The Hamiltonian (1.13)
commutes with the total angular momentum as well as the HF Hamilto-
nian (2.15), but PN equations are meaningful also for densities that are not
circular symmetric. This in turn may lead to angular momentum breaking.

A choice that assures a confident scanning is a random density matrix
subjected to the normalization condition

!K
µ=1 P!

µµ = N!. Unfortunately,
a random density hardly has a circular symmetry and, since PN equations
carry out the symmetries of the initial step, the resulting wavefunction is
not an eigenstate of L.
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Figure 2.2: Density plot of UHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 at B = 0 in a GaAs parabolic quantum dot with
confinement "0 = 2.96 meV corresponding to # = 2; x, y are in unit $0 .
(a) Random density used as initial step in the self-consistent solution of PN
equations. (b) The resulting UHF density having energy EUHF = 29.109"0.

A typical situation is shown in Fig. 2.2 for the total densities ! = !++!!

(see Eq. (??)) of N = 6 electrons. From a random initial density in the
panel (a) the UHF self consistent field calculation leads to a state that has
a clear breaking of the circular symmetry (panel b).

On the other hand restricting the initial density to the class of circular
symmetric densities may lead to the conservation of the total angular mo-
mentum. This is equivalent to perform spatial RHF. Such RHF calculations,
besides leading to states with the right symmetry, give a poor scanning of
the energy surface and energy higher than UHF.
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Figure 2.3: Density plot of RHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 and the same parameters of Fig. 2.2. (a) Random
density with circular symmetry employed as first guess in the solution of PN
equations. (b) The resulting RHF density having energy E = 29.554"0.
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Total spin symmetry (S2). Since we built the trial Slater determinant
(2.6) with spin orbitals having spin z-componet defined, every UHF many-
body wavefunction has Sz = N+ ! N!. However Sz only is not su!cient
do defined the complete spin state of a system; S2 is required. Our single
determinant representation is unsuitable for this task. In fact, it is well
known that a single Slater determinant is not enough to represent all the
possible eigenstates of S2. Exception made for the case where all the spin
orbitals have aligned spins i.e. when Sz = N/2, a UHF determinant |""
has undefined total spin. In a system of N particles of spin 1/2, S2 has
eigenvalues S(S + 1) where S decreases in unity steps from N/2 to |Sz|:
S = N/2, (N !1)/2, . . . , |Sz|. Therefore a single determinant can be thought
as a superposition of states having S: |Sz| # S # N/2. This issue is known
in literature as spin contamination [Szabo and Ostlund, 1996].

As it can be seen in Fig. 1.13 the case of N = 6 is a closed-shell con-
figuration and therefore is in a pure spin state with S = 0. However, an
UHF calculation with Sz = 0 may be spin-contaminated since it might have

Restricted symmetry 
RHF

N = 6 λ = 2 B = 0



2.5. SYMMETRY BREAKING 47

done choosing di!erent initial density matrices P!
µ" as starting point for the

self-consistent solution of the PN equations (2.18). The Hamiltonian (1.13)
commutes with the total angular momentum as well as the HF Hamilto-
nian (2.15), but PN equations are meaningful also for densities that are not
circular symmetric. This in turn may lead to angular momentum breaking.

A choice that assures a confident scanning is a random density matrix
subjected to the normalization condition

!K
µ=1 P!

µµ = N!. Unfortunately,
a random density hardly has a circular symmetry and, since PN equations
carry out the symmetries of the initial step, the resulting wavefunction is
not an eigenstate of L.

-2 0 2

0 0.6
2

0

-2

0 1.2

-2 0 2

(b)(a)
x x

y

Figure 2.2: Density plot of UHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 at B = 0 in a GaAs parabolic quantum dot with
confinement "0 = 2.96 meV corresponding to # = 2; x, y are in unit $0 .
(a) Random density used as initial step in the self-consistent solution of PN
equations. (b) The resulting UHF density having energy EUHF = 29.109"0.

A typical situation is shown in Fig. 2.2 for the total densities ! = !++!!

(see Eq. (??)) of N = 6 electrons. From a random initial density in the
panel (a) the UHF self consistent field calculation leads to a state that has
a clear breaking of the circular symmetry (panel b).

On the other hand restricting the initial density to the class of circular
symmetric densities may lead to the conservation of the total angular mo-
mentum. This is equivalent to perform spatial RHF. Such RHF calculations,
besides leading to states with the right symmetry, give a poor scanning of
the energy surface and energy higher than UHF.

2.5. SYMMETRY BREAKING 47

done choosing di!erent initial density matrices P!
µ" as starting point for the

self-consistent solution of the PN equations (2.18). The Hamiltonian (1.13)
commutes with the total angular momentum as well as the HF Hamilto-
nian (2.15), but PN equations are meaningful also for densities that are not
circular symmetric. This in turn may lead to angular momentum breaking.

A choice that assures a confident scanning is a random density matrix
subjected to the normalization condition

!K
µ=1 P!

µµ = N!. Unfortunately,
a random density hardly has a circular symmetry and, since PN equations
carry out the symmetries of the initial step, the resulting wavefunction is
not an eigenstate of L.

-2 0 2

0 0.6
2

0

-2

0 1.2

-2 0 2

(b)(a)
x x

y

Figure 2.2: Density plot of UHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 at B = 0 in a GaAs parabolic quantum dot with
confinement "0 = 2.96 meV corresponding to # = 2; x, y are in unit $0 .
(a) Random density used as initial step in the self-consistent solution of PN
equations. (b) The resulting UHF density having energy EUHF = 29.109"0.

A typical situation is shown in Fig. 2.2 for the total densities ! = !++!!

(see Eq. (??)) of N = 6 electrons. From a random initial density in the
panel (a) the UHF self consistent field calculation leads to a state that has
a clear breaking of the circular symmetry (panel b).

On the other hand restricting the initial density to the class of circular
symmetric densities may lead to the conservation of the total angular mo-
mentum. This is equivalent to perform spatial RHF. Such RHF calculations,
besides leading to states with the right symmetry, give a poor scanning of
the energy surface and energy higher than UHF.

HF and circular symmetry

Guess

48 CHAPTER 2. HARTREE-FOCK

-2 0 2

0 0.6
2

0

-2

0 12

-2 0 2

(b)(a) x x

y

Figure 2.3: Density plot of RHF total electron densities ! (a.u.) for N = 6
electrons with Sz = 0 and the same parameters of Fig. 2.2. (a) Random
density with circular symmetry employed as first guess in the solution of PN
equations. (b) The resulting RHF density having energy E = 29.554"0.
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   : UHF wavefunction, eigenfunction of     only.

Projection operators to restore spin and rotational symmetries!

The projection technique



It can be shown that, generally, the PHF ground state has 
lower energy than the one obtained with the UHF method.
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The projected state is a superposition of different SD
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Linear transport on WM

F. Cavaliere, U. De Giovannini, M. Sassetti, and B. Kramer, New J. Phys. 11, 123004 (2009)
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Thank you!!




